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ABSTRACT 

VA  steady  vortex  ring  of  prescribed  strength  and  propagation  speed  can  be 

?  ' 

described  in  terms  of  a  Stokes  strew  function  -T.  A  flux  constant  k 
measures  the  flow  through  the  center  of  the  axisymmetric  vortex  ring.  For 
k  *  0,  Hill  in  1894  found  an  explicit  solution  for  the  semi-linear  elliptic 
equation  satisfied  by  In  this  paper  it  is  shown  that  there  is  an 

unbounded,  closed,  connected  branch  of  solutions  emanating  from  Hill's  vortex 

•  • 

in  the  space  of  pairs  (k,f). 
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SIGNIFICANCE  AND  EXPLANATION 


A  number  of  existence  theorems  for  steady  vortex  rings  and  some 
properties  of  solutions  have  been  established  in  the  last  fifteen  years. 
However  it  is  not  known  whether  the  vortex  rings  found  for  various  physical 
parameter  ranges  can  be  connected  through  parameter  changes.  Numerical 
calculations  indicate  that  the  known  vortex  rings  are  so  connected.  In  this 
paper  it  is  established  that  there  is  an  unbounded,  connected  branch  of  vortex 
rings  emanating  from  the  well-known  Hill's  vortex.  This  supports  the  results 
of  numerical  calculations  and  paves  the  way  toward  establishing  specific 
characteristics  along  the  branch. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 
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C.  J.  Amick  and  R.  E.  L.  Turner 

1.  Introduction 

The  physical  problem  under  conaideration  in  thia  paper  concerna  steady  vortex  rj.nga  in 
an  ideal  fluid  occupying  all  of  R3.  A  sore  complete  description  of  the  physical  problem 
may  be  found  in  [11]  and  other  existence  results  in  [2],  [6]  -  [10],  [12],  [19]  -  [21]. 

The  only  explicit  solution  known  ia  that  due  to  Hill  [15]  in  1894  and  out  purpose  is  to 
prove  the  existence  of  an  unbounded,  closed,  connected  branch  of  solutions  emanating  from 
it. 


An  axi symmetric  flow  is  aought  and  thus  the  independent  coordinates  are  taken  to  lie 
in  the  half  plane 

II  «  { (r,  z)  s  r  >  0,  —•  <  z  <  »}  . 

The  mathematical  problem  ia  to  find  a  flux  parameter  k  >  0;  a  bounded,  open  vortex  "core" 
A  C  Hi  and  a  stream  function  f  ■  F(r,z)  e  C^UI)  fl  C2(H-JA)  such  that 


ll  3  rr  1  )  *  f 

err  zz 


and 


Xr  in  A  , 

0  in  H  -  A 

*Ua  -  0  '  *lr-0  *  ** 


f  f 

?(r,z)  +  j  Wr +  k  ♦  0,  ~  *  0,  *  -W 


(1.1) 

(1.2) 

(1.3) 


2  2  *■* 

as  re***  in  (l.  The  vortex-atrength  parameter  X  >  0  and  the  propagation  speed 


w  >  0  are  given. 
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The  use  of  the  strong  maximum  principle  in  conjunction  with  (1.1)  -  (1.3)  shows  thst 


¥  <  0  in  n  -  A  and  ¥  >  0  in  A  so  that  the  core  is 


A  »  {(r,s)  e  H  s  ¥(r,z)  >  0} 


In  cylindrical  coordinates  (r,8,z),  the  velocity  field  q  has  the  components  ~+x/x,  0, 


¥r/r,  respectively.  Since  q  is  to  be  continuous,  the  condition  ¥  e  C  (It)  is  to  be 


expected.  The  vortlcity,  curl  q,  has  cylindrical  components  (0,  -  (L¥)/r,  0),  so  that 


(1.1)  gives  a  jump  in  vortlcity  across  3A.  This  causes  a  jump  in  the  second  derivatives 


of  ¥  across  3A  and  allows  one  to  have  ¥  smooth  merely  in  II-3A. 


1  5 

For  ar.y  value  of  k,  the  function  ¥  -  -  —  Wr  -  k  satisfies  (1.1)  -  (1.3)  with 


A  «  ¥>  these  are  trivial  solutions,  and  we  shall  be  interested  in  non-trivial  solutions. 


With  the  aid  of  the  Heaviside  function 


f0(t)  - 


0  ,  t  <  0 


1  ,  t  >  0 


the  equation  (1.1)  may  be  expressed  in  the  form  L ¥  »  -Ar  f  (¥).  Define  ¥  by  the  formula 


¥(r,z)  -  *(r,z)  -  ~  Wr2  -  k 


Then  the  equation  (1.1)  becomes 


L*  -  -Xr2f0(¥  -  j  Wr2  -  k)  in  It 


and  the  boundary  conditions  can  be  expressed  roughly  as 


D  *  0  on  3 II 


by  which  one  should  understand  that  ¥  “  0  for  r  »  0  and  ¥  and  ~  ?¥  approach  zero  at 


infinity.  These  conditions  are  not  made  more  precise  here  for  the  problem  will  be 


reformulated  in  the  next  section  in  such  a  way  as  to  prescribe  a  precise  function  space 


for  ¥*  ln  (1.5),  (1.6)  the  numbers  K  and  W  are  still  prescribed  and  a  solution  pair 


(k,¥),  with  k  t  0,  is  to  be  determined.  Implicit  in  (1.5),  (1.6)  i3  that 


A  =*  { (r,  z)  :  ¥(t«*)  >  Wr2  ♦  k) 


is  to  be  a  bounded,  open  subset  of  H.  The  problem  (1.5),  (1.6)  Is  a  special  case  of  a 


more  general  problem  In  which  one  replaces  by  a  general  vorticity-distributlon 


Vf 


function  f.  A  class  of  distributions/  other  than  the  Heaviside  function/  which  has 
received  considerable  attention  in  recent  years  consists  of  functions  which  are  zero  for 
non-positive  arguments,  smooth,  and  non-decreasing.  The  papers  [2],  [7  j ,  fill,  ( 12J  and 
[19]  include  results  for  this  class,  proved  largely  by  variational  techniques. 

For  the  Heaviside  vorticity  distribution  and  flux  k  »  0  Hill  [15],  nearly  a  century 
ago,  found  the  solution 


vr'2) 


f  7  w*2(f  -  f  ^3' 
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1  2 

1  Wr 


<3/p3 


o  <  p  <  a 


p  >  a 


(1.7) 
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where  p  *  r  z  and 

Xa2  -  15W/2  .  (1.8) 

The  core  A  for  Hill's  solution  13  merely  a  seal-circle  of  radius  a  outside  of  which  the 
vorticity  vanishes.  In  [3]  it  was  shown  that  is  the  unique  solution  when  viewed  in  a 

natural  weak  formulation  ( cf  (1.10)). 

For  small  k  >  0  Norbury  [20]  proved  that  there  are  solutions  near  Hill's  vortex, 
each  solution  having  a  core  homeoaorphic  to  a  torus  whan  viewed  in  RJ.  The  analysis  in 
[20]  was  based  on  a  contraction  principle  In  a  ball  of  radius  k  centered  at  Hill's 
solution  and  hence  other  solutions  near  (J,fH)  were  not  ruled  out.  In  [4]  it  was  shown 
that  this  local  branch  of  solutions  (k,$)  emanating  from  (0,^H)  constitute  the  only 
solutions  in  a  neighborhood  of  (0,ijiH)  for  prescribed  positive  values  of  X  and  W. 
Consequently,  the  local  branch  will  be  a  subset  of  the  global  branch  we  find  in  this  paper. 
A  global  branch  is  suggested  by  the  numerical  calculations  of  Norbury  [21]. 

A  result  of  E3teban  [8]  for  solutions  of  (1.5),  (1.6)  with  quite  general,  but  smooth, 
vorticity  distributions  f,  shows  that  solutions  must  always  be  symmetric  about  a  line  z  • 
constant.  An  analogous  result  holds  for  the  Heaviside  distribution  f q:  one  uses  the 
arguments  of  Gidas,  Ni,  and  Nirenberg  113)  with  the  extension  given  in  [3].  Hence,  without 


i 


' 


loss  of  generality,  we  My  assume  our  solutions  are  even  functions  of  z.  An  Inner  product 
occurring  naturally  in  conjunction  with  the  operator  L  is 

<♦'♦>11  ~  KH  l*r*r  *  ♦**I)r3rd*  •  (K9) 

r 

the  space  in  which  solutions  are  sought  is  H(JI),  the  completion  of  the  functions  in 
C«(H),  even  in  z,  in  the  norm  corresponding  to  the  inner  product  C  1.9).  With  this 


notation,  equations  (1.5),  (1.6)  have  the  weak  foroulation 


<♦,*>„  -  1  /n  fQ<*  -  |  Hr2  -  k)4  rdrdz  ,  V  »  c  H( 


(1.10) 


and  a  solution  (k,^i)  is  to  be  understood  in  the  sense  of  (1.10). 
The  main  result  of  the  paper  can  now  be  stated. 


Theorem  1.1.  Let  X  >  0  and  W  >  0  be  given  and  let  i>H  be  Hill’s  solution  (1.7), 


(a)  There  exists  an  unbounded,  closed,  connected  set  C  C  (0,«)  *  H(H)  of  solutions 
(k,g)  of  (1.10)  with  C  n  ({0)  *  H(M)  -  {(0,fH)}. 

(b)  There  exists  an  e  >  0  and  a  continuous  function  g  s  10,eJ  *  H(K)  with  g(0)  “ 
such  that  {(k,g(k))  :  k  e  (0,c)}  C  C  and  constitutes  the  only  solutions  of  (1.10)  in 


a  neighborhood  of  ( 0 , ) - 

(c)  If  (k,i|i)  e  C,  then  the  following  hold:  The  vortex  core 
A  -  {(r,z)  «  *(r,z)  >  -j  Wr2  +  k)  is  bounded;  +  e  c'+a<n)  O  c2(II  -  3A)  for  any 
o  e  (0,1)1  g  la  an  even  function  of  zi  *  (r,z)  <  0  for  z  >  0;  and  at  lnflnlt 


♦  »  Od//r2  +  z2)  aivl  | Vg» |  »  0(1/(r2  +  z2)). 

The  new  aspect  of  the  theorem  is  part  (a).  Part  (b)  is  the  main  result  of  [4]  while 

(c)  is  standard  from  the  estimates  of  Fraenkel  and  Berger  111).  To  prove  (a),  we  begin 

section  2  with  a  further  reformulation  of  the  problem.  The  change  of  variables  f (r,z)  * 

4 

rJv(r,z)  is  made,  and  if  v  is  considered  as  a  function  in  with  r2  «  j  x*  and 

i»1 

z  «  Xj,  then  the  operator  corresponding  to  L  is  the  Laplaclan.  This  fortuitous  fact  has 
been  used  in  (3)  and  (19)  in  analyzing  the  vortex  ring  problem.  If  the  Laplacian  is 
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formally  inverted,  a  functional  aquation  of  the  type  v  -  N(k,v)  -  0  arises-  Degree 
theory  and  global  bifurcation  methods  suggest  themselves-  However,  two  difficulties  are 
encountered.  First,  the  underlying  domain  is  the  whole  space  and  so  the  inverse  of 

the  Laplacian  is  not  conpact  This  is  handled  by  working  first  in  a  ball  of  radius  b 
in  t? .  Second,  the  intervening  function  fQ  is  discontinuous,  making  N 
discontinuous.  By  approximating  fQ  by  a  continuous  function  f  g  which  converges  to 
fg  as  4  ♦  0,  a  continuous  and  differentiable  map  is  obtained.  In  this  setting,  for 
k  “  0,  a  degree  computation  is  made  about  a  solution  v^  g  of  the  altered  problem.  The 
degree  is  shown  to  be  -1  from  which  one  concludes  that  a  branch  of  solutions  emanates 
from  (0,vb  g).  In  section  3  we  return  to  the  original  problem  by  letting  S  ■*  0  and  then 
letting  b  ♦  ■  showing  in  the  process  that  the  desired  continuum  of  solutions  results.  In 
section  4  we  consider  the  nature  in  which  this  set  of  solutions  is  unbounded.  The 
numerical  calculations  of  Norbury  [21]  suggest  that  the  branch  extends  to  k  «  »  and  that 
solutions  with  large  k  approach  a  class  of  solutions  examined  by  Fraenkel  [9],  [10].  We 
conjecture  that  the  branch  is  unbounded  in  the  k-direction  and  provide  some  evidence  to 
show  that  if  this  is  false,  then  the  solutions  converge  to  a  'singular'  solution  which  is  a 
function  of  r  alone  and  has  infinite  norm. 
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An  Equivalent  Problem 


2.1.  Preliminaries 

The  purpose  of  this  section  is  to  derive  a  transformed  problem  in  R®  which  is 
equivalent  to  (1.10).  The  notation  follows  that  from  [3].  Let  A  >  0,  w  >  0  be  fixed  and 
let  (k,1>)  e  (0,«)  x  (H(H)  n  C2(II-3A) )  satisfy  (1.5).  We  first  rescale  variables  by 

^  2  o*  2  ru  nj 

setting  k  »  2k/Wa  ,  with  a  as  in  (1.8),  and  i^(r,z)  =  2t|>(ar ,az)/a  W  so  that  (k,$) 
satisfies 

Li|i  -  -15r2f 0('(i  -  r2  -  k)  .  (2.1) 

In  the  sequel  we  restrict  attention  to  (2.1)  and  its  corresponding  weak  form. 

5  2  4  2 

Consider  R  and  let  (r,z)  with  r  -  £  x2  and  z  »  x5  be  cylindrical 

i-1 

2 

coordinates.  Under  the  chanoe  of  variables  $(r,z)  -  r  v(r,z),  there  results 

“2  “  4v  (2.2) 

r 

where  A,  throughout  the  paper,  denotes  the  Laplacian  in  R^.  Hence  (2.1)  corresponds  to 

Av  =  -1 5f Q(v  -  1  -  ^j)  in  R5  .  (2.3) 

r 

The  occurrence  of  the  Laplacian  was  used  in  a  crucial  way  in  [3]  and  [19],  and  will  be  the 
key  to  a  tractable  analysis  here.  We  anticipate  bounded  solutions  of  (2.3)  and  thus 
^  =  r2v  will  vanish  at  r  »  0.  The  condition 

| v |  ♦  0  as  jx]  ♦  “  in  R5  (2.4) 

is  allied  to  (1.6).  Indeed,  the  function  space  setting  for  v  will  ultimately  give  decay 
of  the  order  |x!~'3  so  that  iji  «  r2v  approaches  zero  at  infinity. 

Note  that  from  the  form  (2.3)  with  k  -  0  it  is  a  simple  matter  to  write  down  Hill's 
solution.  In  this  setting  it  is  the  radial  function 

[  f  -  2  P2  0  4  P  <  1  * 

vH(r,z)  (2.5) 

^  1/p3  p  >  1  , 

5 

where  p2  =  r2  +  z2  -  J  x2.  When  k  -  0  the  analysis  in  [3]  shows  that  the  methods  of 
i-1 


Gidas,  Ni  and  Nirenberg  [13J  are  applicable  and  so  any  solution  is  a  radial  function.  Thus 
Hill's  solution  in  (2.S)  is  unique. 


Let  and  $  be 

in  functions  in  Cq(II)  and  let  v  and 

u 

be  cylindrically 

symmetric  functions  on 

R^  (that  is,  depending  only  on  r  and 

*) 

defined  by  (i(r,z)  « 

2 

r  v(r,z)  and  $(r,z)  ■ 

2 

r  u(r,z),  as  earlier  in  this  section. 

Let 

<u,v>E  -  — /  5  7u(x)  «7v(x)dx  . 
2»  R 

(2.6) 

Then  from  (2.2)  or  from  a  direct  computation  one  has 

<*»*>H  “  <U»V>E  • 


It  is  natural  to  define  a  space  Ec  as  the  completion  with  respect  to  the  norm  I  I 
induced  by  <*,»>E  of  the  cylindrically  symmetric  functions  in  Cg(R5)  which  are  even 
in  z.  The  following  lemma  follows  from  section  2.2  of  [3]. 


Lemma  2.1.  (a)  The  spaces  H( H)  and  Ec  are  lsometrlcally  isomorphic  under  the 

2 

correspondence  4)  **  r  v. 

(b)  A  pair  (k,^)  e  (0,»)  x  H(»)  satisfies  the  weak  equation 

“  15  J  f 0 ( -  r2  -  k)$rdrdz 

for  all  $  e  h ( It)  if  and  only  if  (k,v  -  -^j)  e  [0,»)  x  Ec  satisfies 

r 

<U,V>E  ~  f  5  f0(v  "  1  ‘  \)udx 

2s  R  r 


(2.7) 


(2.8) 


for  all  u  e  E. 

Lemma  2.1(b)  shows  that  it  will  suffice  for  Theorem  1.1  to  show  there  exists  an 
unbounded,  cloded,  connected  set  D  of  solutions  of  (2.8)  with  D  f)  ({0}  x  Ec>  »  {(0,vH)}. 


2.2.  The  transformed  problem  on  bounded  domains 

Let  B(b)  =  {x  «  R®  :  ) x j  <  b)  and  in  analogy  with  the  definition  of  Ec,  let  E(b) 
(Ec(b) )  be  the  completion  in  the  E  norm  of  the  (cylindrically  symmetric)  functions  in 
Cg(B(b))  which  are  even  in  z.  Corresponding  to  (2.8)  is  the  problem:  Find 
v  e  Ec(b)  such  that 


•v, 


-7- 


<U#V>E  .  J  f  <v  -  1  -  ^)u,  V  u  e  E(b) 
2»  r 


Its  solution  can  ba  regarded  as  a  fixed  point  problem.  For  given  Ic  >  0  and  v  e  Ec(b) 
let  w  e  E(b)  be  the  solution  of 


<U,W>E  ,  -1I_  ^  f|)(w  .  ,  .  *_)U,  V  u  r  E(b> 


(2. 10) 


The  existence  and  uniqueness  of  w  follows  from  standard  elliptic  theory  [14].  That 
w  e  Ec(b)  follows  from  the  arguments  for  Lemma  2.3(b)  in  [3].  If  w  is  denoted  by 
N(k,vjb)  then  a  fixed  point  of  H  is  a  solution  of  (2.9).  The  function  w  is  a  weak 
solution  of  -Aw  *  ISf^tv  -  1  -  k/r^)  in  B(b)  and  since  |Av|  <  15  standard  regularity 
theory  [1]  gives  w  r  w2,p(B(b))  n  W^,2(B(b))  for  all  p  e  [1#®).  Sobolev  embeddings  then 
yield  w  e  C1+a(B(b))  for  all  a  €  (0,1).  If  A={xeR^:v>1  +  k/r^},  then  with  u 


w  in  (2.10)  one  obtains 


iwi2  <  /.  N! 


<-^(/>|10/3)3/,°.  \A\ 


(2.11) 


<  const.  Iwl  •  b 


where  j  denotes  Lebesque  measure  in  R3  and  the  constant  is  Independent  of  b,  w, 

7/2 

and  k  (see  Lemma  2.1  of  [3]).  Since  Iwl  <  const  b  ,  the  elliptic  regularity 
arguments  now  insure  that  the  bounds  on  w  in  W^'P(B(b))  and  in  C1+a(B(b)),  which 
depend  on  b,  p,  and  a,  will,  however,  be  independent  of  k  and  v. 

The  solutions  of  v  -  N(0,vib)  *>  0  are  known  explicitly  from  [3].  One  is 


v  (r.z)  =<( 


<  P  <  a  , 


(2.  12) 


a  <  p  <  b  , 


where  a  *  1  +  — ■ —  +  0(b-®)  13  the  smaller  root  of 

b 
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(2.  13) 


imp  p  ">  ■  »  ■■!■  «1»1P  WVJ'gH  g  PV^MVL’V 


2(i  -^)  -  t 


r-*.:j 


and  c  “  a^/b'*.  We  assume  b  >  (■j)  (J-)  so  that  (2.13)  has  two  distinct  roots 

a^(b)  <  aj(b)  in  (0,b).  Corresponding  to  the  root  a2  is  a  solution  vfa  with  a  -=  a2 

in  (2.12).  Note  that  while  a,(b)  +  1  as  b  +  a,(b)/b  +1  as  b  ■*•  »  so  that  v.  >  1 

on  essentially  the  whole  ball  B(b).  If  is  extended  to  be  zero  outside  B(b)  one 

calculates  from  (2.12)  and  (2.13)  that  (v„  -  v  I  *0  as  b  ♦  *  and  so  we  shall  be 

H  b 

interested  in  solutions  emanating  from  (0,v^).  The  explicit  estimates 


,  .2  40 

Sv  I  *  — 
b  7 


~  ,2  12  7 

lvbt  b 


as  b  +  *> 


(2-  14) 


can  be  found  in  Appendix  B  of  [3] . 

The  regularity  estimates  given  above  ensure  that  the  map  (k,v)  *  N'(k,v»b)  is  compact 

from  (0,»)  x  E^ib)  into  Ec(b).  Unfortunately  N  is  not  continuous  9ince  convergence 

in  E  (b)  does  not  satisfactorily  control  the  level  sets  on  which  v(r,z)  «  1  +  k/r2. 
c 

Hence,  a  degree  argument  for  the  equation  v  -  N(k,v;b)  “0  is  not  immediately 
applicable.  This  difficulty  can  be  surmounted  by  smoothing  out  the  discontinuity  in  fQ. 

2.3.  The  regularized  problem  for  finite  b. 

For  each  6  >  0  let  f^(t)  be  the  piecewise  linear  function 

0  ,  t  <  0  , 

0  <  t  <  5  , 

’-.1  ,  t  >  S  . 

For  each  (k,v)  e  [ 0 ,■■»)  *  Ec(b)  and  for  b  >  0,  S  >  0,  let  w  *=  N(k;v;b,6)  e  Ec<b) 

denote  the  unique  solution  of 


fa(t)  -  ^  t/« 


<u.w>E  =  f  fj(v  -  1  -  ^)u,  V  u  -  2(b) 

2r  r 


(2.15) 


and  define  N(k,v,b,Q)  to  be  N(k,v,b)  from  (2.10).  The  added  regularity  of  makes 
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IM 


the  map  M(*,*jb,6)  :  IQ,")  *  Ec(b)  Ec(b)  continuous  as  well  as  compact,  and  a  degree- 
theoretic  argument  is  suitable  Cor  the  equation 


m 


i 


v  -  N(k,vjb, S )  »  0 

When  k  «  0,  equation  (2.16)  is  equivalent  to 

-Av  =  15  f^(v-l)  in  B(b) 


v  =  0  on  3B(b) 


Since  is  Lipschltz  continuous  any  solution  lies  in  C  (B(b))  for  each  a  e  (0,1). 

Since  fj  >0,  a  solution  v  is  non-negative  and,  in  fact,  must  be  positive  in  B(b) 

with  a  maxixum  larger  than  unity  or  be  identically  zero,  by  the  strong  maximum  principle. 

5  2  V2 

From  (13!  ,  v  is  a  function  of  p  =  (£  x.)  and  v'(p)  <  0  for  p  e  (0,bj.  It  follows 

1  1 

that  v  satisfies  the  ordinary  differential  equation 

Vv(p)  -  D/  p  c  ,o.bj , 

J  (2.  1 

v(b)  *  0 

We  now  prove  that  if  b  is  sufficiently  large  and  6  is  sufficiently  small/  then  (2,18) 
has  a  unique  solution  vb  6  in  a  neighborhood  of  the  function  given  in  (2.12). 


if 

«*l 

|fi 


Lemma  2.2.  There  exist  positive  numbers  Sp,  bp,  and  ep  such  that  for  each  b  >  b0  a 


5  e  <  0 , 5 0  J  the  problem 


Av  =■  -15  f^tv-1)  in  B(b)  , 


v  «  0  on  )B(b)  , 


1v-vl  .  <  e. 

b  E  (o)  0 

c 


has  a  unique  solution  v. 


Moreover, 


Um  ,Vb.S  '  Vk  (b)  "  ° 


Proof.  The  solution  with  6  >  0  can  be  axpectsd  to  be  close  to  vfa,  given  in  (2.12) 


which  satisfies 

b4vb(b>  “  "  "3 

for  b  large.  For  a  fixed,  large  value  of  b  let  v  “  v(pjo,6)  be  that  solution  of 
(2.18)  which  vanishes  at  p  -  b  and  satisfies 

b4v' (b)  «  a  . 

The  idea  is  to  find  a  value  of  a  near  -3  for  which  v* (0)  -  0,  eventually  using  the 
implicit  function  theorem.  As  long  as  v  <  1,  v' (p)  “  a/p4  and  thus 

v(p)  “  -  f  (“J  '  -^3)  on  ta,b) 

P  b 

where  a  -  a(a)  -  (-3a-1  ♦  b-3)-1^3.  For  a  near  -3,  v' (a)  <  0  and  so  v,  assumed  to 
lie  in  C1,  will  be  larger  than  unity  on  an  interval  to  the  left  of  a.  There  v 
satisfies 


,»(p)  +  -  v*  (p)  -  ^  (v(p)-1)  , 

0  0 


v(a)  “  1  ,  v* (a)  -  — 


(2.20) 


For  a  near  -3  and  bQ  large,  a  is  approximately  1  and  we  expect  (2.20)  to  be 
satisfied  on  an  interval  (8«o]  where  a-8  ■  6/3  and  v($)  »  1+6.  To  see  that  this  is 
the  case  and  to  find  the  dependence  of  8  on  a  and  5,  let 

v(p)  •  I  +  {  w(s) 

where  p  »  o-6s.  Then  w  »  w(sio,6)  satisfies 


d2w 


dn 


46  dw 
a-6s  ds 


♦  15  6w 


(2.21) 


w(°)  -  0  ,  ^  (0)  -  - 

3 


The  solution  w  is  analytic  in  all  its  variables  for  s  <  3/6,  and  for  6  »  0  is  the 
linear  function  w(s) 


—  s.  The  value  s  »  -a4/a  gives  w  »  1  and  since  3w/3s  ^  0 


■  1  1- 


for  this  value  of  8,  the  implicit  function  theorem  yields  a  unique  analytic  function 


s (a, 6)  defined  for  (c,4)  in  a  neighborhood  Q  of  (-3,0)  such  that 

w(a(o, 6)io,6)  5  1  •  (2.22) 

In  this  case  Q  will  be  independent  of  b  for  all  b  larger  than  some  bg.  Taking  Q 
smaller,  if  necessary,  we  can  assume  3w/3s  >  0  for  (a, 4)  e  Q  and  0  <  s  <  s(o,5).  This 
yields  a  function  v  which  is  monotone  decreasing  in  p  for  p  c  (8, a]  where  6  m  a(c)  - 
4s(a,4).  By  construction,  v(8)  «  1+4. 

Since  v  is  required  to  be  C1  and  v'(B)  <  0,  it  follows  that  v  >  1+4  on  an 
interval  to  the  left  of  8  and  there  satisfies 


1  d  ,  4  dv\ 
4  dp  do-' 


-15  , 


yielding 


dv 

dp 


-3p  +  const. /p. 


We  want  a  slope  of  zero  at  p 


—  -  -3o  on  [0,01  • 

dp 


0  and  thus 


The  condition  that  derivatives  match  at  p 


dw 

F(o,5)  =  —  (s(<j,4)j<j  ,4) 

os 


?or  -3=0, 


expressed  in  terms  of  w,  is 
3(a(o)  -  4s(c,4 ) )  -  0  . 


(2.23) 


F(a,0)  -  - - 3 a(a) 

a  (a) 

which  vanishes  for  the  choice  a  *  a,  c  »  -3a'’  corresponding  to  the  solution  Vjj  in 
(2.12).  For  later  use  we  note  that  for  this  choice  of  parameters 


s(c,0) 


(2.24) 


=  -a4/o 


2 


Since  u* (o) 


in  general 


For  a  m  -3  and  b  large,  a  la  approximately  1  ao  3F/3a(-3,0)  la  approximately 
2 

— .  The  Implicit  function  theorem  applied  to  (2.23)  yielda  an  analytic  function  o(4), 
defined  for  5  in  a  nai^iborhood  of  zero  which  is  independent  of  b,  such  that 
F(o(4),4)  s  0.  The  function 

vb  j(p)  "  v(p»o(4),4) 

satisfies  the  equation  and  boundary  condition  in  (2.19).  As  regards  the  distance  from 

vb  4  to  vb  it  is  clear  from  the  construction  that  the  distance  in  C 1  approaches  zero 

3  2  5 

as  6  ♦  0.  Since  1/p  and  its  gradient  are  in  L  at  infinity  in  R  ,  the  convergence 

in  Ec(b)  follows  as  well,  uniformly  for  all  large  b.  q.e.d. 

2.3.  nie  index  of  the  solution  g 

Throughout  this  section  it  will  be  assumed  that  b  >  bQ  and  5  (  (0,6QJ  as  in  Lemma 
2.2.  Ihen  g  is  the  only  solution  of  v  -  N(0,v,b,4)  ■  0  in  J(b),  where  J(b)  is 
the  open  hall  of  radius  Cq  centered  at  vfe.  As  all  computations  in  this  section  are  done 
for  k  -  0  we  suppress  it  writing  N(vib,4)  or  merely  N(v)  when  the  emphasis  is  on  the 

behavior  with  respect  to  v.  For  4  >  0  the  Frechet  derivative  of  N  at  vfcjg  is 

N’<Vb,4)Y  "  “A"1,15f4(vb,4  "  1>Y  l2‘26> 

where  fi(v.  .  -  1)  '4”'  when  v>.  x(p)  e  (1,1+4)  and  is  zero  elsewhere.  Note  that 

0  CfO 

f3(t)  itself  fails  to  have  a  derivative  at  t  ■  0  and  t  -  4.  However,  since  vbfj  has 
a  nonzero  gradient  where  vfa  j  «  1  and  1+4,  one  can,  by  viewing  N  as  a  map  15fj(v-1) 
from  Ec(b)  to  L2(B(b))  followed  by  -d"1  from  L2(B(b) )  to  Ec(b),  verify  that 
(2.26)  is  the  derivative. 

Standard  theory  [16]  ensures  that  the  Leray-8chauder  degree  of  I  -  N ( * )  relative  to 
zero  and  J(b)  is  equal  to  the  degree  of  I  -  S'lvj,^)  relative  to  zero  and  Ec(b).  We 
will  show  that  1  is  not  an  eigenvalue  of  N'  so  this  latter  degree  is  well  defined.  In 
fact  the  constancy  of  degree  follows  from  the  homotopy 

t  +  y-i  [N<vb,4  +  tY)  -  ■(vb,4,]»  *  e  [0'1] 

where,  for  t  ■  0,  the  last  egression  is  understood  to  be  y  ~  N’(vb  g)y.  Using  4  as  a 


* 
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homotopy  parameter  one  sees  that  the  degree  of  I  -  N ( • )  relative  to  zero  and  J(b)  is 
the  same  for  all  6  e  ( 0 , 5 Q ]  and  so  the  degree  of  I  -  N'(vfc  j )  is  constant  for  all 
sufficiently  small  5  and  large  b.  By  standard  theory  the  degree  d(b,5)  in  question  is 
then  ( —  1 ) m  where  m  =  ra(b,6)  is  the  total  algebraic  multiplicity  of  eigenvalues  of 
NMv^.b,^)  on  the  interval  (1,«).  Since  N*  is  selfadjoint  m  is  the  total  geometric 
multiplicity  associated  with  the  interval. 


Theorem  2.3.  There  exist  b1  >  bQ  and  a  positive  5^  <  5^  such  that  d(b,6)  =  -1  ^if 
i  €  < 0 . 5  1 J  and  b  >  bj . 


Proof .  It  will  be  shewn  that  for  all  small  5  and  large  b  the  largest  eigenvalue  of 
N*  is  near  S/3  while  the  second  largest  eigenvalue,  counting  multiplicity,  is  bounded 
aoove  by  approximately  5/7.  'Oiis  will  show  m(b,6)  «=  1  for  these  parameter  ranges.  Let 
\(b,<5)  denote  the  largest  eigenvalue,  a3  before,  and  let  y(b,6)  <  X(b,5)  denote  the 
second  largest.  Let  u(b,<5)  and  v(b,5)  denote  corresponding  eigenfunctions.  It  can  be 
assumed  that  <u,v>E  ■  0. 

We  begin  with  a  discussion  of  X  and  u  though  much  of  it  applies  to  y  and  v  as 
well.  Recall  that  f£  «  precisely  on  the  interval  I  »  (B(b,6),  a(b,S))  and  is  zero 

elsewhere.  Let  x  denote  tue  characteristic  function  of  I.  Then  u  satisfies 


-fiu  »  —  y(p)u  in  B(b)  , 
u  =  0  on  3B(b) 


(2.27) 


Alternatively,  for  any  test  function  ^ 

<<!«♦>  “  - -  J*  p4dp  /  u(p,f!)$(p,fl)dft  (.1.28) 

2  8  S(0) 

where  S(p)  C  R8  denotes  the  sphere  of  radius  p  and  dft  is  the  area  element  on  the  unit 
sphere. 

The  eigenfunction  u  will  be  of  one  sign,  will  be  radial  by  syrametrizatlon,  and  will 


be  harmonic  where  x(P*  “  0.  The  eigenvalue  itself  can  be  characterized  by 


A(b,S)  “  max 

w«E  (b) 
c 


<t|,(vb.S)W,W>  f'  ^6  p4d°  / S(O)w2(0'n>dn 

<W'W> 


(2.29) 


Recall  that  as  5  *  0,  a  and  S  approach  a  -  a(b)  «  1  and,  from  (2.24) 


lia  6  1  p4dp  -  a4s(<j,0)  -  y- 


Prom  this  discussion  one  would  expect  that 


11  ... 

— - j  ,  P  e  (0,a]  , 

a  b 


11  , 

— - j  ,  P  £  (a,bj 

P  b 


(2.30) 


is  a  reasonable  trial  function  for  (2.29).  With  this  function  as  w  the  quotient  in 
(2.29)  is  well  behaved  as  6*0  and  b  ♦  ».  In  the  limit  its  value  is 


15  ’  \  «  1  |B|  5 

n  >4ii(2j)i2*>i°i  "3 


where  |fi|  is  the  measure  of  S(1).  This  suffices  to  show  that  A  is  bounded  below  by 
approximately  S/3  for  6  small  and  b  large.  In  fact  one  can  make  sense  of  the 
eigenvalue  problem  in  the  limit  as  6*0  and  u  in  (2.30)  is  the  eigenfunction 
corresponding  to  the  largest  eigenvalue.  To  show  this  and  to  pave  the  way  for  estimating 


u ( b, 5 )  we  carry  out  such  a  limit. 

From  embedding  theory  ({17],  p.  316) 

IJs(n)  «(p.a)4(P.0)d0  <  iui  •  iti  8/5 

L '  <S(p ) »  L'  (S(p ) ) 

<  const  lul  •  lil  . 

^•^(■(b)) 


Hence  from  (2.28) 


|<u,4>|  <  const  lul  •  .  tft/7 

w1'  0/7(B(b)) 


where  the  constant  is  Independent  of  6.  By  duality. 
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<  const  lul 


(2.31) 


for  a  constant  independent  of  5.  Now  pick  a  sequence  Sn  +  0.  n  •  1,2,...  so  that 

A(b ,4n)  ♦  Mb)  »  lim  sup  Mb, 4).  Let  un  denote  the  corresponding  normalized 
"  4*0  rt 

eigenfunction.  Pick  an  e  >  0  and  let 

Ke  -  B(b)  O  {p  t  (a  -  j,  a  *  |)}  • 

The  functions  are  harmonic  in  K£  for  large  n  and  so  a  subsequence,  still  denoted 

u^,  will  converge  in  C1  on  each  connected  component  of  K£  to  a  harmonic  function.  On 
the  other  hand 

I  lVuJ2  4  const  ^'V'i.io/i.^^ 

a -t'<p<a4-c  W  (B(b) ) 

which,  from  (2.31),  is  of  order  e2/5,  independently  of  n.  It  follows  that  un 
converges  in  Ec(b)  to  a  nonnegative  radial  function  u  which  is  harmonic  in  the 
complement  of  S(a)i  i.e.,  to  a  multiple  of  u(p)  In  (2.30).  As  noted,  the  traces  on 
spheres  are  well-behaved  and  the  limiting  function  satisfies 

3 


X<u,+>  /  u(a, (»♦(«, ftjdfl 


2s 


2  J  S(a) 


(2.32) 


cor  ill  'p  e  Ec(b)  where  X  «  X(b).  In  fact,  the  limits  as  5*0  of  u(b,6)  and  Mb, 4) 
exist,  for  any  subsequence  of  eigenfunctions  will  converge  to  a  multiple  of  u  in  (2.30). 

The  discussion  of  limits  holds  equally  well  for  p(b,4)  and  v(b,5)  as  6+0 
yielding  a  pair  (u,v)  satisfying 

3 


U<V,$>  -  f 


2r 


2  '5(a) 


v(a,n)4(a,H) 


(2.33) 


for  all  *  c  E^tb! .  Naturally,  <u,v>E  =  0  for  the  limiting  functions.  Since  all 
eigenfunctions  are  harmonic  in  the  complement  of  S(a)  and  hence  determined  by  their 
values  on  the  sphere  it  is  natural  to  examine  more  closely  their  behavior  on  spheres  in 
IT*.  Recall  that  the  functions  under  consideration  are  functions  of  r  and  z.  Consider 


Instead  coordinates  p  and  s  where  p 


/r2  ♦  z  2 , 


as  before,  and  s  «  sin  8  where 
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r  “  p  cos  8  and  s  -  p  sin  8*  Let  U  bs  defined  by 


/  2 

u(r,s)  -  u(p/1  -  s  ,  ps)  -  U ( p f 8 ) 
end  let  V,  8  correspond  to  v,  8,  respectively.  He  have 

<u,8>e  -  <u.*>G 


where 


<0.*>G  -  J^O-sSds  /q{p*U  ♦  +  p2(1-a2)U8»s}dp 


P  P 

end  hence  the  eigenvalue  equation  (2.32)  is  expressed  as 


(2.34) 


(2.35) 


X<U,8>g  -  5e3  /21(1-s2)U(a,s)«(a,8)ds  (2.36) 

tor  all  8  for  which  <8,8>G  <  ",  with  an  analogous  equation  for  p  and  V.  Of  course, 

<0,V>G  -  0  .  (2.37) 


The  function  'J  corresponding  to  u  is  a  function  of  p  alone  and  so  is  constant  on 
sia)  yielding 

/2l<1-62>V(a,8)ds  -  0  (2.38) 

from  (2.36),  (2.37).  In  fact  V(p,a)  is  orthogonal  to  1  (with  the  weight  1-s2)  on 
each  sphere.  To  see  this  let 

V(P>  -  /21(1-S2)V(p,s)da  .  (2.39) 


If  in  the  eigenvalue  equation  for  u,  V  one  admits  only  radial  test  functions  8(p),  the 
result  is 

u  /n  O4  V  8  -  5a3  V(a)8(a) 

4  0  0  0 

-  0 

for  all  such  8.  It  follows  that  V(p)  is  a  radial,  harmonic  function  on  B(b), 
vanishing  for  p  »  a  and  thus  identically  zero.  That  is, 

/21n-a2)V(p,s)ds  »0  for  p  e  (0,b>  .  (2.40) 

A  collection  of  polynomials  which  is  orthogonal  with  respect  to  the  weight  1  -  s2  and 
complete  in  the  weighted  L2  space  on  [-1,1)  is 
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ds  n 


where  PR  is  the  ntn  Legendre  polynomial.  From  the  Rodrigues*  formula  one  easily  sees 


/i,(1-«2)SnSB  =  /2,(1-s2)S^s;  -  0  if  m  *  n 


while  standard  formulae  ([23],  Chap.  XV)  show  that 


r 1  ,,_„2WC,,2  _  2n(n+1)  (n  +n-2) 
b  >(sn)  2n+i 


V(p,s)  «  J  cn*p*Sn<s* 
n*1 


(2.41) 


Cn<0)  “  Tn’ln+T)'  /I1<»->2>V(P.«>Sn(a)d.  • 

Now  ,  3j,  S5>...,  are  even  functions  of  s  while  S2,  S^,  S&, . . .  are  odd.  Since 
v(r,z)  s  even  in  z,  V(p,s)  is  even  in  s  and  thus  c2(p)  *  c^'p)  0.  Since 

S^s)  =  1,  (2.40)  gives  c^p)  "  0  and  so  the  sum  in  (2.41)  starts  at  n  «  3.  The 
absence  of  the  first  two  terms  in  (2.41)  makes  an  effective  estimate  of  y  possible.  T^ie 
eigenvalue  equation  for  y  and  V  becoaes 


r  r  2n(n  +  1 )  rb  4 .  .  .  2  .  v 

“I  <•,  -5TTT”  Jo  p  <c;>  +  k 


/b  pV]  »  5a3  [  2,l(n-f-^  c2(a)  .  (2.42) 

2n+1  J  0  M  n J  L,  2n+2  n 

n  “  j 


Since  nz  +  n  -  2  >  10  for  n  >  3 


n(ntl) 


{y  /$[p4<c.,2  +  10pV]  -  5a3c2(a)}  <  0 


(2.43) 


A  simple  variational  argument  shows 

c2(a)  <  A(b){/^[p4(c’ )2  +  10p2c2)} 
n  J  0  n  n 

for  all  n  where  A(b>  ♦  1/7  as  b  ♦  ».  It  follows  that 


y  4  5aJA(b) 


and  as  b  ♦  « 


the  upper  bound  for  u  converges  to  5/7.  Hence  for  0  <  6  <  if  and 


b  >  bf*  where  5,  and  b,  are  suitable  constants,  N*(vb  j*b,6)  has  only  the  eigenvalue 
X(b,5)  *  5/3  on  the  interval  q.e.d. 


3*  Hie  Existence  of  Global  Branches 


3.1.  Hie  case  5  e  ( 0 , 6 1  ]  and  b  >  b1 


We  return  to  the  equation  «(k,v>b,6)  =  v  -  N(k,v;b,5)  »  0  for  k  >  0.  Consider  the 
collection  of  nontrivial  solutions 


P.  ,  -  ((k,v)  €  (0,-)  *  E  (b)  :  ♦(k.vjb.i)  =  0  and  v  ?  0}  . 

D,  O  C 


Hie  next  result  summarizes  properties  of  these  solutions. 


Theorem  3.1.  Hie  set  P^^  *8  c^OBe<^  and  bounded.  Moreover  (k,v)  t  Pj,  j  satisfies: 


(a)  v  is  cylindrically  symmetric  in  Ra : 


2  2  2 

r(r,z)  where  r  =  +  •••  +  xj  and  z 


'5* 


(b)  v  e  C2+a(B(b) )  and 


|  v ;  _  <  const  Ivl  <  const  b 

C1-Hl(B(b)  ) 


7/2 


7 /2 

j  v  |  ,  _  <  const  b  /6  , 

c2*“(B<bn 


k  <  const  b 


11/2 


where  <-he  constants  depend  on  a  «  (0,1)  but  are  independent  of  k,  v,  b,  and  6. 
(c)  v  i.3  an  even  function  of  z  and 

3v 


3z 


<  0  on  B(b)  n  {z  >  0}  . 


Proof ■  (a)  This  is  just  a  restatement  of  v  «  E  (b). 


(b)  Since  | Av |  <  15,  it  follcws  from  {1J  and  embedding  theorems  that 


I  v  t  1+a  <  const  ( Ivl  +  l,v|  10^j)  <  const  Ivl 


and  by  an  inequality  conpletely  analogous  to  (2.11),  Ivl  <  const  b7^2.  The  estimate  for 


the  C2^“  norm  is  similar  but  now  depends  on  the  Lipschltz  constant  1/6  for  f^.  If 


>  —  i  2 


(k,v)  e  pb,6  then  for  some  x  e  B(b),  v(x)  >  1  +  k/jx[  >  k/b  .  Hence 


k  <  b2v(x)  <  const  b11^2. 
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Note  that  tha  boundedness  of  Pbjj  has  now  bean  established.  As  to  lta  being  closed 
one  need  Barely  show  that  no  trivial  solution  la  in  the  cloture*  From  the  arguments  above, 
a  limiting  solution  would  have  to  satisfy  v(x)  >  1  at  some  point  and  so  is  nontrivial. 


(c)  This  follows  from  [13] . 


q.e.  d. 


Let  j  denote  the  maximal  connected  subset  of  Pb  ^  containing  (0,vb  ^ ) . 


Theorem  3.2.  Suppose  4  <  (0,4^]  and  b  >  bj.  Then  Db  ^  contains  a  solution  (0,vfa 
^  "b,4  »*  vb,4" 

Proof.  This  is  a  variant  of  a  result  of  Leray  and  Schauder  [18]  and  can  be  shown  using  the 
techniques  in  tha  paper  of  Rabinowitz  (cf.  [22],  Lemma  1.2).  If  the  bounded  set  Db  j 
contains  only  (0,vb  g)  in  the  “slice*  at  k  “  0,  then  by  the  use  of  a  suitable  open 
neighborhood  of  Db|5  one  can  derive  a  contradiction.  For  the  degree  of  *(0,«ib,4)  at 
vb  4  <and  hence  on  any  large  ball  in  Ec(b)  )  would  be  -1  by  Theorem  2.3  while  for  k 
sufficiently  large  *(k,«rb,4)  «  0  has  no  solutions  and  thus  has  degree  zero  on  every  open 


3.2.  The  case  5  «  0  and  b  >  b^ 

We  fix  b  >  bj  and  consider  the  limit  of  the  branches  Dfe  ^  as  5*0.  Some 
definitions  are  needed.  If  X  is  a  metric  space  and  a  sequence  of  subsets  of 

X,  then  lim  inf  An  is  defined  to  consist  of  points  p  e  X  such  that  every  neighborhood 
of  p  has  nonesqpty  intersection  with  all  but  a  finite  number  of  the  In  constrast, 

lim  sup  Ajj  consists  of  points  p  such  that  every  neighborhood  of  p  has  nonempty 
intersection  with  infinitely  many  of  the  An>  The  following  result  from  Whyburn  [24]  is 
useful  for  taking  limits  of  connected  sets. 

Lemma  3.3.  let  tAn^n«1  fas  a  sequence  of  connected  sets  in  a  metric  space  such  that 

m 

(a)  U  A  la  preconpact 
n*1 


(b)  lim  inf  An  f  +. 


Then  lin  sup  Ar  is  a  compact/  connected  set. 


Theorem  3.4.  There  exists  a  compact,  connected  set  C  [0,®)  *  Ec(b)  of  solutions  of 
v  -  N(k,v,b,0)  »  0.  Moreover 

(a)  Dfe  O  ({0}  *  Ec(b))  »  { < 0 » vfa ) }  U  {(0,vfc)}  where  vfa,  vfc  are,  respectively,  the 
"small"  and  “large"  solutions  from  section  2.2  (cf.  eq.  2.12). 

(b)  (k,v)  t  then  v  is  cylindrlcally  symmetric  in  R5  and 

,7/2 


C1+a(B(b)) 


k  <  const  b 


<  const  Ivl  <  const  b 


11/2 


v— -  <  0  on  B(b)  H  {z>0>  , 

dz  ' 

where  the  constants  are  independent  of  b,  k,  and  v. 

Proof .  For  fixed  b  >  b1  let  Sn  c  CO, 6]  n  «  1,2,...  be  a  sequence  converging  to  zero. 

According  to  Theorem  3.1  tnere  is  a  closed  bounded  set  X  C  R  x  Ec(b)  wh.ch  contains 

D.  ,  for  all  n.  To  use  Lemma  3.3  let  A  “  D.  ,  .  The  bounds  on  v  in  cl+a  and  on 
n‘\  n  “'°n 

k  from  Theorem  3.1(b)  are  independent  of  6  and  so  the  use  of  Arzela's  Theorem  shows 

J  An  is  precoaqpact  in  X.  According  to  Lemma  2.2,  vb  6  *  vb  as  ®  *  0  and  30 
n=  1 

(0.vb)  e  lim  inf  An«  According  to  the  previous  lemma  5  lim  sup  ^  is  a  compact, 

connected  set  and  contains  (O.v^).  With  the  exception  of  the  strict  negativity  of 
3v/3z  the  remainder  of  (b)  follows  immediately  from  Theorem  3. 1  since  the  relevant 
estimates  are  independent  of  5. 

To  complete  the  proof  of  (b)  consider  an  element  (k,v)  e  Dj,.  It  can  be  assumed 
that  (k,v)  is  the  limit  in  R  x  c'(B(b))  of  a  sequence  (kn,vn)  e  An>  Since  vn  is 
bounded  in  W2'2(B(b))  uniformly  in  J,  by  elliptic  theory,  v  is  also  the  weak  limit 
in  W2'2  of  vn •  To  show  3v/3z  has  one  sign  on  B+  •>  B(b)  H  (z>0)  we  use  a  weak  form 
of  the  maximum  principle.  Let  4  be  an  element  of  Cq(B+)  with  4  >  0.  Then 
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a v  -  i 

/  ♦  7  JT  v*  -  /B+(Avn>  if 


-  -15  /  fx  (v  -  1  -  -4) 

6  v  n  2'  3z 


15 /♦ 


since  3vn/3z  <0  in  B+.  Taking  a  limit  yields 


/  7  F7* 

J  +  3z 
B 


Since,  in  the  limit  3v/3z  <  0  in  B+,  Theorem  8.19  of  [14]  applied  to  (3.1)  ensures  that 
either  3v/3z  <0  in  8+  or  3v/3z  =  0  there.  The  latter  would  imply  v  =  0  in 
B(b),  an  impossibility,  since  each  v^,  and  hence  v,  must  exceed  unity  somewhere  on 
3(b).  To  show  that  3v/3z  <0  at  a  point  q  t  3B(b)  O  {z>0>  note  that  v„ (q)  *■  0  so 
|vn|  <  —  in  a  neighborhood  Q  of  q,  uniformly  in  n.  Since  f ^ (vn  -  1  -  k/r  )  »  0 
on  Q,  vn  is  harmonic  there,  as  is  the  limiting  function  v.  Hence  3v/3z  <  0  at  q  by 
the  maximum  principle. 

Next  we  show  that  (k,v)  €  is  a  solution  of  the  limiting  equation,  that  is,  that 

/B(b)  Vv  •  7*  -  15  /B(b>  -  1  -  k^2)*  (3*2) 

for  all  $  e  E„fb).  We  consider  the  sequence  (*n'vn>  from  the  previous  paragraph  and 
need  merely  show  convergence  of  the  right-hand  member  of  (3.2)  evaluated  at  (kn,vn). 


an  e  >  0  and  let 


{(r,z)  e  B(b)  :  r  >  e  and  [z|  >  e} 


^  2  i  ~  2 

On  T„  the  function  v  -  v  -  1  -  k  /r  converges  in  C  to  v  -  v  -  1  -  k/r  as 
6  n  n  n 

n  ♦  ».  Since  3v/3z  is  bounded  away  from  zero  on  T£,  so  is  3vn/3z  for  all  large  n. 
Say  both  are  less  than  -s  <  0  where  z  >  0.  Let  $  be  a  smooth  function  in  E  (b) . 


Pick  a  >  0  and  assume  n  is  large  enough  so  that  0  <  fin  <  0  and  |v^  -  v|  <  o  on  Te. 
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1  •  $ 


4 


4  <V+ 

n 


I  ~  (V*  *  I 

TeO{0<vn<o}  n  Tcfl{vn>o} 


“  °<f>  +  /  ..  1*4+  0(-2)  . 

T^nfvX)} 


Since  o  is  arbitrary, 

llm  It  4  (V*  "  It  V;,+  • 

n+*  e  n  e 

But  since  e  is  arbitrary  and  meas(B(b)\T£)  *  0(e) 

u"  4(b)  4  “  4(b)  V7)+  • 


As  smooth  functions  are  dense  in  Eo(b)  the  equation  (3.2)  holds. 


For 

part  (a)  recall  that,  by  ftieorem 

3.2  and 

Lemma  2.2  Db  j 

contains  a  solution 

(0'4,5» 

such  that  lv  - 

Of  S 

V  *  e0  >  0 

with  e 

0  independent  of 

6 .  A  subsequence  of 

(0'4,5 

)  must  converge  in 

Er(b)  to  a  solution 

(0,v)  with  Iv- 

v.t  >  e„.  However,  v. 
b  0  b 

from  section  2.2  is  the  only 

solution  for 

k  -  0, 

other  than  vb- 

Hence  (0,v.  )  must 

D 

belong  to  Db-  In  fact  every  subsequence,  and  hence  the  whole  sequence  converges  to 
(0.vb).  q.e.d. 


3. 3.  The  case  5  »  0  and  b  *  ® 

Once  again  we  shall  use  Lemma  3.3  to  take  limits  of  solution  branches  as  b  ♦  The 
main  result  is 


Theorem  3.5.  There  exists  an  unbounded,  closed,  connected  set  D  C  [0,»)  x  Ec  of 
nontrivial  solutions  of  v  -  N(k,v»«,0)  “  0: 

/  5  7u  •  4  «  15  /  5  fa(v  -  ’  -  -  15  JA()t(V)v,  V  ♦  €  » 

R  R  r 

where  A(k,v)  =  {x  e  R5  :  v(x)  >  1  +  k/r2}.  Moreover 

(a)  0  n  ({0}  x  Ec)  =  { ( 0 , vH ) )  where  vH  is  given  in  (2.5). 

The  following  properties  hold  for  any  (k,v)  «  D. 


-24- 


<b>  v  is  cyllndrlcally  lywttlc,  v  e  C2(R5  -  3A(k,v))  O  CU*(R5)  for  each 


a  e  (0, 1),  and 


lvl c1+a  *  con8t  ,vl 


with  a  constant  depending  on  a. 

(c)  The  set  A(k,v)  Is  bounded  while  for  |x|  *  •»,  |v(x)|  «  0  ( j  x  j  —  ^ )  and  |Vv(x)|  » 
0(|x|-4). 

(d)  v  is  an  even  function  of  r  and  3v/3z  <  0  for  a  >  0. 

Proof.  Each  element  of  E  (b)  la  extended  to  he  zero  outside  B(b)  and  considered 
••  — "  c 

as  an  element  of  E  .  Let 
c 

-  {(k,v)  c  f0,»)  x  Ec  «  k2  +  lvl2  <  j2} 

where  j  Is  a  fixed  Integer  larger  than  |v  I.  Choose  a  sequence  b  ♦  «•,  n  «  1,2...  and 

n  U 

m 

let  n  Xj.  To  show  that  O  Aft  la  precompact  In  R  x  Ec  it  suffices,  as 

n  n*1 

before,  to  show  that  a  sequence  (k,v)  e  ,  n  -  1,2,...  Is  precospact.  One  can  suppose 

kn  ♦  k  >  0  and  that  vn  converges  weakly  to  a  element  v  e  Ec.  To  show  strong 

convergence  first  note  that  from  Theorem  3.4(b),  vn  has  a  c1+a  bound  Independent  of  n 

since  Iv^l  <  j.  Hence  (vn)  converges  In  C1  on  any  compact  subset  of  R®.  It  Is  shown 

In  Theorem  5E  of  [11J  that  there  is  a  ball  B(8)  C  R®,  Independent  of  n,  such  that 

vn(r,z)  <  1  ♦  kn/r2  ,or  (r,z)  outside  the  ball  B(B).  That  Is,  vn  is  harmonic  outside 

B(8).  Since  the  norms  Iv  I  are  uniformly  bounded,  it  is  elementary  to  show  that  for  any 

n 

e  >  0  there  exists  a  y  >  3  such  that 

I  |Vv|2<e 
,<p<bn 

for  all  n.  This  last  Inequality  combined  with  the  convergence  on  compact  sets  of  If* 

shows  v„  *  v  in  E  .  Recall  from  section  2.2  that  v.  +  v,,  as  b  ♦  •  and  thus 

(0,vH)  £  11m  inf  An>  Lemma  3.3  yields  a  coop  act ,  connected  set  which  can  easily  be 

seen,  as  before,  to  satisfy  the  equation  (3.3).  The  set  contains  (0,vH)  and  must 

2  2  2 

also  contain  a  solution  (k,v)  satisfying  k  ♦  lvl  -  j  .  For  the  branch  Dj, 
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-  2  2  2 
connecting  v.  to  v.  Mist,  for  all  large  n,  lntereect  the  aet  where  k  +  Ivi  -  j  , 

Dn  D 

n  n 

implying  11m  sup  An  contains  an  element  of  the  same  closed  set-  Since  each  solution  v 
must  exceed  unity  at  some  point,  it  is  nontrivial.  The  unbounded  solution  set  results  from 
defining 

D  -  U 
j 

where  the  union  is  over  all  large  integers  j. 

(a)  This  follows  since  vH  is  the  only  cylindrically  symmetric  solution  of  (2.46) 
for  k  »  0  according  to  [31. 

(b)  This  follows  from  the  previous  theorem  and  standard  estimates. 

(c)  It  follows  from  the  earlier  discussion  that  A(k,v)  C  B(8)>  The  decay  estimates 
are  those  for  harmonic  functions. 

(d)  One  uses  the  maximum  principle,  as  before.  q.e.d. 

The  mapping  v  ♦  ^  »  r^v  c  H(il)  yields  an  unbounded,  closed,  connected  set  C  of 
solutions  as  required  for  the  proof  of  Theorem  1.1(a). 


4.  Properties  of  D  and  some  Conjectures 


In  this  section,  we  consider  briefly  the  sense  in  which  D  is  unbounded  in 
(0,*)  x  Ec<  Some  numerical  results  of  Norbury  [21],  when  suitably  rescaled,  sug9est  there 
exists  a  function  h  -»  (0,«)  ♦  Ec  such  that  D  •*  {(k,h(k))  s  k  c  [0,»)}.  When  k  “  0, 
the  function  h(0)  is  Hill's  solution  vH,  while  h(k)  for  large  k  corresponds  to  a 
family  of  vortex  rings  of  small  core  shown  to  exist  by  Fraenkel  [9],  [10].  As  k  ♦  •»,  the 
cores  are  asymptotic  to  smaller  and  smaller  circles  centered  on  the  r-axis,  and  whose 
centers  become  unbounded.  According  to  Norbury's  calculations,  these  vortex  rings  are 
simply-connected  in  n. 

Our  techniques  do  not  allow  us  to  confirm  the  numerical  predictions  Implicit  in  the 
work  of  Norbury  that  0  is  unbounded  in  the  k-direction.  Nor  have  we  shown  that  the 

2 

cores  {(r,z)  e  n  :  4>(r,z)  >  r  +  k}  are  always  simply-connected.  This  is  only  known  for 
Hill's  solution  and  for  solutions  in  D  near  to  it  [4].  One  might  hope  to  use  the 
connectedness  of  D  to  show  that  a  sequence  of  cores  could  not  lose  their  simply- 
connectedness  by  pinching  together. 

In  order  to  show  that  D  is  unbounded  in  the  k-direction,  we  would  need  to  establish 
bounds  of  the  form 


sup 

0<k<k 

Ivl  <  " 

(4.1) 

for  any  solution  (k,v)  «  D 

and 

any  k  >  0. 

If  (4.1)  fails  to  hold,  then 

there  would 

exist  elements  <k  ,v  )  e  D 
n  n 

with 

k„  ♦ 

k  € 

[0,«)  and 

Iv  1  ♦  »  as  n  ♦  •  . 

n 

(4.2) 

There  are  two  ways  in  which 

i  v  1 

n 

may  become 

unbounded;  the  functions  vn 

may  develop  a 

singularity  on  some  compact  set  or  they  may  lose  their  decay  rate  at  infinity.  As  regards 
the  first  point,  we  record  that 

sup  |v|  >  const  (4.3) 

0<k<k  C 1  ( R  > 

for  any  solution  (k,v)  and  any  k  >  0.  Here  the  constant  depends  only  on  a  e  (0,1)  and 
k.  The  proof  of  (4.3)  is  very  technical  and  will  not  be  presented  here.  We  claim  that  if 


(4.2)  occurs,  then  the  core  A(kn,vn)  “  f(r»*>  e  **  :  vn(x)  >  1  ♦  *n/r2)  oust  become 


unbounded.  Indeed,  if  not,  then  the  vR  would  be  harmonic  outside  sows  fixed  compact  sat, 


and  would  have  a  uniform  decay  rate  at  infinity:  |7vnj  “  0( (r2  ♦  z2)-2). 


For  each  k  >  0,  our  equation  -4 v  «  15  fgtv-l-k/r  )  has  a  singular  solution  v# 


with  infinite  norm.  Here  va  is  a  function  of  r  alone,  and  is  given  by 


2  ,  0  <  r  <  /k  , 


,  .  15k  15r2  15  k2  rr  „  ,  /5  T”" 

2  ♦  -4 — i~ -r~'A<r</-iT  +  K 

r 


I  8  -f  30k 


r  »  /  —  s  k 


Note  that  vg  is  the  unique  z-independent  solution  of  our  equation  with  v(r)  ♦  0  ae 


r  ♦  «.  There  are  ocher  solutions  which  are  also  functions  of  r  alone,  1-ut  they  do  not 


vanish  as  r  ■*.  There  are  a  number  of  partial  results  which  suggest  that  if  (4.2) 


occurs,  then  the  vg  converge  on  compact  sets  to  the  singular  solution  (4.4).  However,  we 


do  not  present  them  here  since  it  is  our  firm  conviction  that  (4.2)  does  not  occur.  In 


such  a  case,  equation  (4.1)  would  hold  and  the  branch  D  would  be  unbounded  in  the  k- 


direction. 


-r7,  v;  r.  r  .-J  -r.  <  ~*K 

•  ***  .  *  .  ’  j  m  *  -  •  ■  J  ± 

*  •  *  •  ,  %  \  •  ^  ^ 

y-  y  ■  ".‘v'*’! 

ns  ii'i  ..il" 
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